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Abstract—In this paper, we determine the norm of a two-sided
symmetric operator in an algebra. More precisely, we investigate
the lower bound of the operator using the injective tensor norm.
Further, we determine the norm of the inner derivation on
irreducible C*- algebra and confirm Stamfli’s result for these
algebras.
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I. THE NORM OF A DERIVATION
e determine the norm of the inner derivation T : TA –
AT acting on B(H) which is irreducible. More
precisely, we show that
A derivation on a C*-algebra is a linear mapping
satisfying the usual Leibniz product rule i.e.
Such a mapping is bounded as
was first shown by Sakai [16]. If there is an element such
that
then the derivation is inner. In
most cases such an element doesn’t exists in
Therefore one
tries to extend the derivation to a bigger C*-algebra which
may contain an implementing element.
Since
is inner, it is easier to estimate its norm which of
course, is important from the analytic point of view. It is easy
to see that if
then
where
is the cener of

W

Proof.
We note that
so that
Thus
and we assume that
In this case
where
and
“positive” and “negative” parts of A; for
so
that
Since
it will suffice to show that
and

Let

Then
Hence
+
=
= 0. The substance of the foregoing lemma is
that each derivation of a C *- algebra maps each self-adjoint
operator in the algebra onto an operator that has 0 diagonal
relative to a diagonalization which diagonalizes A [7].
2.2 Theorem
Each derivation of a C*-algebra annihilates its center [7].
Proof.
Let
be a derivation of the C* -algebra B(H) with
center
Let
be a pure state of B(H), and
an
element of
The representation of B(H) associated
with is irreducible [23] and therefore maps
into
scalars. Together with the Schwarz inequality, this yields that
is multiplicative on
From the preceding lemma,
Since the pure states of B(H) separate B(H),

2.3 Lemma
II.

PRELIMINARY RESULTS

“We say that a state of a C* -algebra B(H) is definite on
the self-adjoint operator A in B(H) when
) =
. In
this case, is multiplicative on the C*- subalgebra generated
by A. The following lemma is a combination of Singer’s
argument that the derivations of commutative C* -algebras are
0 and results on the multiplicative properties of definite
states”. See [7].
2.1 Lemma
If is a derivation of the C*- algebra B(H) and f is definite
on A in B(H), then
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If is a derivation of the C*-algebra B(H) acting on the
space H, then
has a unique ultra weakly continuous
extension which is a derivation of
Proof.
The positive operators in the unit ball

of B(H). Now
is strongly
continuous at 0 on
, the set of self-adjoint operators in the
unit ball of B(H), since
where
by Sakai’s
theorem [21]. Moreover,

is strongly continuous at 0

on positive operators, since
Thus

is strongly continuous at 0 on
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We note next that
is weakly continuous on
to B(H)
in the weak operator topology. Since
with
and
orthogonal,
and
;
so that
and
are strongly continuous
mappings on the self-adjoint operators in B(H) at 0. Thus
is strongly
continuous at 0 on
. By linearity this mapping is strongly
continuous at 0 on
and from this , everywhere on
.
Hence the inverse image of a closed convex subset of the
complex numbers under
has an intersection
with
which is strongly closed relative to
. This
intersection being convex, each weak weak limit point is a
strong limit point [3, 5], so that it is weakly closed relative to
. Since the closed convex subsets of the complex numbers
form a subbase for the closed subsets,
is
weakly continuous on
. Now
are weakly continuous mappings of

and
into

conclude that
implies that

is quasinilpotent but being central, this

3.2 Lemma
If

and

2 2 .

, then

Proof.

; so that

is weakly
continuous on
. The linearity of
yields its uniform
continuity relative to the weak-operator uniform structure on
. From Kaplansky density theorem [14],
is the unit ball
in
, and is compact in the weak-operator topology.
Thus has a unique weak- operator continuous extension to
, and this extension has an obvious extension from
to
. It is easily checked that this extension is well defined
and linear. For if
is strongly continuous on
, by strong
continuity of operator multiplication on bounded sets, weak
continuity of on
and boundedness of ( hence ). Since
this mapping is 0 on
, a strongly dense subset of
; it is 0 on
for each , so that
is a
derivation on
[7].

.
3.3 Lemma
Let

Then

.

Proof.
We note that
. Since

, there exists
, and
, where
and

+

such that
If we set
and
Also,
on
. Then

2

2.4 Lemma
Every derivation

on a C*-algebra is bounded.

Proof.
Since every derivation on a non-unital C*-algebra can be
uniquely extended to its minimal unitization, the assertion
follows from the fact that every generalised derivation on a
unital C*-algebra is bounded.
III.

on a C*-algebra

vanishes on the

Proof.
Let

. Then for all

where
. From
“the boundedness of a derivation and the
general version of Kleinecke-Shirokov theorem” [7], we
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if and only if
Proof.

MAIN RESULTS

3.1 Lemma
Every derivation
center
of .

3.4. Theorem

From lemma 2.3, we have that
if
Since
for any , sufficiency is proved. We
assume that the
, and hence there exists
and
such that
and
. Clearly,
and
. Moreover, since
where
Let
)
by
choosing subsequence if necessary, i.e.
We
observe
that
where the last step
follows from lemma 2.2. Thus,
Since
, it follows that
.
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3.5. Theorem

3.10. Theorem

If
Conversely, if

then

.

Let A, B

Proof.
then there exists

such that

. Conversely, let
that
By rotating we assume that
Let
and
Then
. Let
and consider
If
Then
. Let
and
Then

. We assume
},

where

since
, contrary to the hypothesis.

i.e.

.

follows from theorem
3.3.7. If we let
. Then it follows from [19] lemma 6 and theorem 7
that
.
If
then the norm of
is an inner derivation induced by
or respectively i.e.
=2inf
:
=2
where
is the radius of the
spectrum of . If
is irreducible then
implies that is the center of
Further if
is close to then the norm is small hence
almost commute with the elements of the unit ball of

3.6 Corollary (Pythagorean relation for operator)
nd only if

IV.

.

Proof.
there

exists
such that
The rest of the proof easily follow
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3.7. Theorem
be a derivation on

CONCLUSION

We have shown that the constant
i.e.
by taking
We have also shown
that
which in turn is an
inner derivation when A coincides with B.

from theorem 2.5.

Let

+

Proof.

If

Now,

B(H). Then

, =1=

, then

Then

REFERENCES
Proof.
Since
. It follows therefore that
is larger for
must be taken on at some point, say
implies that
.

. On the other hand,

large. So
. But
Hence

3.8. Definition
A C*-algebra
is irreducible if the commutant of
contains only the scalars.
3.9. Theorem
Let B(H) be an irreducible C*-algebra on H. Let T
Then
.
See [19] for the proof.

[ISSN: 2045-7057]

Anna K. “Trends in Banach Spaces and Operator Theory.”
American Mathematic Soc., (2001).
[2]. Baraa M. And Boumazgour M. “Norm of a Derivation and
Hyponormal Operators.”Extracta Mathematicae, vol. 16 pp.
229-233 (2001).
[3]. Bratteli O and Robinson D. W. “Operators algebras and
Quantum Statistical Mechanics 1”.Springer- Verlag, United
States of America, (1979).
[4]. Effros E. G. And Ruan Z. J. “Operator Spaces.”London Math
Soc. Monographs, vol. 23 (2000).
[5]. Franka Miriam B. “Tensor products of C*-algebras, Operator
Spaces
and
Hilbert
C*-modules”.
Mathematical
communications, vol.4 pp.257-268, (1999).
[6]. Halemski A. Ya. “Lecture and exercises on Functional
Analysis”. American Math Soc., vol.230 pp 182- 183, (.....).
[7]. Kadison R.V. “Derivations of operator algebras”. Ann. of
Math. Vol.83 pp 280- 293, (1996).
[8]. Kreyzig
E.”Introductory
Functional
analysis
with
Applicatios.” Kim Hup Lee Printing Co.Ltd.
[9]. Magajna B. And Turnsek A. “On the norm of Symmetrised
Two-sided Multiplications.” Bull Austral. Math. Soc., vol. 67
pp.27- 38, (2003).
[10]. Martin M. “Elementary Operators on Calkin Algebras”. Irish
Math. Soc. Bulletin, vol. 46 pp. 33-42, (2001).
[11]. Murphy J. G. C*-algebras and Operator Theory”.Academic
Press Inc., Oval Road, London, (1990).
[1].

B(H).

www.ijmse.org

31

INTERNATIONAL J OURNAL OF M ULTIDISCIPLINARY S CIENCES AND ENGINEERING , VOL . 6, NO. 10, OCTOBER 2015
[12]. Nyamwala F. O., “On the norms of derivations and two-sided
multiplications”, Masters thesis, Maseno University, (2004).
[13]. Nyamwala F. O. Norms and Spectrum of Elementary
Operators in B(H).” Ann. of Math., preprint. (2005).
[14]. Paulsen V. I. “Completely bounded maps and dilations.”
Pitman Research Notes in Math, Vol. 146, (1986).
[15]. Richard M.T. “Norms of Elementary Operators.” Irish Math.
Soc. Bulletin, vol. 46 pp.13-17, (2001).
[16]. Sakai S. “Derivations of W*-algebras.” Springer-Verlag, Ann.
of Math., Vol 83 pp. 273-279, (1966).
[17]. Sakai S. C*-algebras and W*-algebras.”Springer- Verlag, New
York Heidelberg Berlin, (1971).
[18]. Siddiqui A. H. “Functional Analysis with applications.”Tata
Mc-Graw Publishing Company, second edition, (1986).
[19]. Stampfli G. J. “The norm of a Derivation”. Pacific Journal of
Mathematics, vol. 33 pp. 737-746, (1970).
[20]. Steven R. “Advance Linear Algebra.” Springer-Verlag, New
York. Inc., 175th Avenue, (1992).
[21]. Tsoy-woma Banach Hilbert Spaces, Vector Measures and
Group Representation.” Springer-Verlag, New York, (2000).
[22]. Walter R. “Functional Analysis.” McGraw-Hill Inc., (1991).

[ISSN: 2045-7057]

Beatrice Adhiambo Odero, MSc (Pure Mathematics) Graduate
Student, Maseno University, School of Mathematics, Statistics and
Actuarial Science, Maseno, Kenya.

Prof. Agure John, PhD (Pure Mathematics), Professor, School of
Mathematics, Statistics and Actuarial Science, Maseno, Kenya.

Prof. G. K. Rao, PhD (Pure Mathematics), Professor, School of
Mathematics, Statistics and Actuarial Science, Maseno, Kenya.

www.ijmse.org

32

