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Abstract— Determining equations of a differential equation are
partial differential equations that are used to obtain the
generator of infinitesimal transformation for a non-linear
differential equation. In this paper we obtain the determining
equations for the third order non-linear differential equation

y'" yy + y . The determining equations play a big role in

obtaining infinitesimal symmetries, which are later used to
reduce high ordered non-linear differential equations to first
order.
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I. INTRODUCTION

leferentlal equations are used to model numerous

phenomenon in our world, from the spread of infectious
diseases to the behavior of tidal waves [2], [3]. Naturally, the
study of differential equations plays a vital role in the physical
sciences. Most of these equations are non-linear [5]. When a
non-linear ordinary differential equation admits a given
number of symmetries then it becomes possible to transform it
to a linear system [1]. This is when Determining equations
become key. Determining equations are used in Lie Theory [4]
which is an extremely powerful algorithm method for solving
differential  equations especially non-linear  ordinary
differential equations.

I1. OBTAINING THE DETERMINING EQUATIONS
FOR THE NON-LINEAR DIFFERENTIAL

EQUATION Y" = yy" + y"

Let us consider the third order nonlinear differential
equation:

y" =y +y” 0

We seek to obtain the determining equations for the above

nonlinear differential equation by using the third extension [6],
[7] below:
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We let E[3] above act on our nonlinear differential
equation (1) so as to have:

E[S] [ym _ yyrr _ y12:| =0
Which yields
=
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Expanding equation (3) yields:
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Which further yields
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pl:ymr _ ( yym + yryrr) _ 2yryrr] + CC)I:O _ ( yn(l) _ 0)] —y”a) _ 2y!a)r _ y!2p! _ ya)” _ pryyrr + yyrpn
+(a)r_pryr)[0_0_2yr] +w —3p Y —-Yp =0 (8)
+(ao"=2y"p' - y'p")[-Y] Expressing the derivatives of @ and p in terms of their partial
+(a)w _ 3ympr _ 3ynprr _ yrpm)[l] — 0 (5) derivatives we have
Equation (5) simplifies to o = 8_60 + y,@_a) from d (X) = (%jdx + 8_&) dy
OX oy OX oy
d " n N4 N4 9
p{&(y)—yy Yy —2yy} ®
L1 ootz )y
+(C()” _ 2yrrpr _ yrpn)[_y]
+a)m _3yﬂlp! _3yﬂp” _ yrpm — 0 (6) ) aza) ' aza) ) aa) ' aza) . Gza)
@0"'=—5+Yy +y' —+y ——+Yy ~+0
Equation (6) yields X Oxay oy Oxay oy
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Equation (7) subsequently yields the below equations:
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Which simplifies to

Similarly, for p we have
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Subjecting equation (8) to the above partial derivatives we

obtain:

—wy" -2y (
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Equation (15) simplifies to
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Equation (16) simplifies to
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From (17) we obtain the following determining equations
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I1l. CONCLUSION

In this paper, we use a generator of orderNnto obtain
extension of Third order [7], and further use the extension of
third order to obtain the determining equations for a third
order nonlinear ordinary differential equation. The
determining equations can be used to obtain symmetries for
the nonlinear differential equation. The symmetries are used to
obtain an analytic solution to our non-linear differential
equation. The determination of analytical solutions for
ordinary differential equations is the utmost importance in
many fields of applied sciences.
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