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ABSTRACT—The Aluthge transform T̃ of a bounded linear
operator T on a complex Hilbert space X is the operator
|T |

1
2U |T |

1
2 . Here, T = U |T | is any polar decomposition of T

with U a partial isometry and |T | = (T ∗T )
1
2 . This study of the

Aluthge transform T̃ was introduced and studied by Aluthge in
his study of p-hyponormal operators. Since its conception, this
notion has received much attention for a single operator T . In
order to understand the joint behaviour of Aluthge transform of
several operarors T1, ..., Tm, researchers such as Cyprian have
studied the Aluthge transform of an m−tuple operator T =
(T1, ..., Tm). For instance, the properties of the joint essential
numerical range of Aluthge transform for an m−tuple operator
T = (T1, ..., Tm) were studied by Cyprian. However, nothing
is known about the joint maximal numerical range of Aluthge
transform T̃ of an m−tuple operator T = (T1, ..., Tm). This
paper focuses on the study of the properties of the joint maximal
numerical range of Aluthge transform for an m−tuple operator
T = (T1, ..., Tm). This study will help in the development of
the research on hyponormal operators and semi-hyponormal
operators.

Index Terms—Aluthge transform T̃ , Hilbert space, Joint Maximal
numerical range T̃ , Maximal Numerical range of T̃ .

1 INTRODUCTION

The joint maximal numerical range of Aluthge transform
MaxWm(T̃ ) of several operators T = (T1, ..., Tm) is defined
as the set of all complex numbers rk for which there exist a
sequence {xn} of unit vectors in X such that 〈T̃kxn, xn〉 → rk
and ‖T̃kxn‖ → ‖T̃k‖ for 0 ≤ k ≤ m.
In the case k = 1, it becomes the maximal numerical range
of Aluthge transform T̃ , MaxW (T̃ ), of a single operator T.

This paper establishes some of the properties of the set
MaxWm(T̃ ). This study is an extension of the study of the
joint numerical range of Aluthge transform Wm(T̃ ) studied
by Cyprian, Aywa and Chikamai [3] among other researchers.
Throughout this paper, B(X) denotes the algebra of all
bounded linear operators acting on a complex Hilbert space
X . Recall that the Aluthge transform T̃ of T is the operator
T = |T | 12U |T | 12 . See Aluthge[1] for this and more. Note here
that T = U |T | is any polar decomposition of T with U a
partial isometry and |T | = (T ∗T )

1
2 . Here, a linear operator

T ∗ ∈ B(X) denotes the adjoint of an operator T ∈ B(X) and
is defined by the relation 〈Tx, y〉 = 〈x, T ∗y〉 ∀ y, x ∈ X.

The following section is brief survey of the theory of the
maximal numerical range of Aluthge transform.

2 MAXIMAL NUMERICAL RANGE OF ALUTHGE
TRANSFORM

Stampfli [5] introduced and studied the concept of maximal
numerical range of a bounded operator T on B(X) and used it
to derive an identity for the norm of a derivation. Recall here
that a derivation on a Hilbert space X is a linear transformation
δ : X → X that satisfies δ(xy) = xδ(y) + δ(x)y ∀ x, y ∈ X.
A derivation δ is said to be an inner derivation if for a fixed x
we have δ : y → xy−yx. For an operator T ∈ B(X), the inner
derivation is denoted and defined as δT (Y ) = TY −Y T where
Y ∈ B(X). Stampfli [5] determined the norm of an inner
derivation and showed that ‖δT ‖ = 2 inf{‖T − λ‖ : λ ∈ C}.

The maximal numerical range of an operator T is denoted by
MaxW (T ) and defined as
MaxW (T ) = {r ∈ C : 〈Txn, xn〉 → r, where xn ∈ X;
‖xn‖ = 1 and ‖Txn‖ → ‖T‖}. Here, the operator norm ‖T‖
is defined as ‖T‖ = sup {‖Tx‖ : ‖x‖ = 1} . Stampfli [5]
proved that ‖δT ‖ = 2‖T‖ if and only if 0 ∈MaxW (T ).

Several other properties of the set MaxW (T ) are known. For
instance, it is clear from the following theorem that the set
MaxW (T ) is nonempty, closed and convex.

Theorem 1. The set MaxW (T ) is nonempty, closed and
convex subset of W (T ).

See Stampli [5] for the proof.

Unlike the numerical range W (T ), the maximal numerical
range, MaxW (T ) does not satisfy the power inequality. That
is,
|MaxW (Tn)| 6≤ |MaxW (T )|n for n = 1, 2, .... Also, unlike
the set W (T ), the set MaxW (T ) is unstable under translation.
See Stampfli [5]

In 2007, Guoxing, Liu and Li [4] studied the essential
numerical range and maximal numerical range of the Aluthge
transform and proved several interesting results on maximal
numerical range of Aluthge transform MaxW (T̃ ). Among
other results, Guoxing, Liu and Li obtained relationships
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between MaxW (T ) and MaxW (T̃ ) as shown in the following
theorem.

Theorem 2. Suppose T ∈ B(X).

1) MaxW (T ) ⊂W (T̃ ).
2) If ‖T‖ = ‖T̃‖, then MaxW (T̃ ) ⊂ MaxW (T )

See Guoxing, Liu and Li [4] for the proof.

Guoxing, Liu and Li also proved the following theorem.

Theorem 3. MaxW (T̃ − α) = MaxW (T̃ (∗) − α) for
all α ∈ C and T ∈ B(X).

See Guoxing, Liu and Li [4] for the proof.

3 JOINT MAXIMAL NUMERICAL RANGE OF ALUTHGE
TRANSFORM

The properties of the joint essential numerical range of
Aluthge transform for an m−tuple operator T = (T1, ..., Tm)
were studied by Cyprian in [2]. This was as a result of the
need to understand the joint behaviour of Aluthge transform of
several operarors T1, ..., Tm. This section, being and extension
of this research of Aluthge transform, establishes some of the
properties of the set MaxWm(T̃ ). We begin with the following
theorem.

Theorem 4. Let T = (T1, ..., Tm) ∈ B(X) and
T̃ = |T | 12 ∪ |T | 12 . MaxWm(T ) ⊂Wm(T̃ ).

Proof.. Assume that ‖T‖ = 1 and let
r = (r1, ..., rm) ∈ MaxWm(T ). There exists a sequence
{xn} ∈ X of unit vectors such that

lim
n→∞

‖Txn‖ = 1 and lim
n→∞

〈Txn, xn〉 = r

for T = (T1, ..., Tm) ∈ B(X). This implies that

lim
n→∞

‖|T |1/2xn‖ = 1 and lim
n→∞

‖(1− |T |)xn‖ = 0.

Therefore,

lim
n→∞

|〈Txn, xn〉 − 〈T̃ |T |1/2xn, |T |1/2xn〉|

= lim
n→∞

|〈Txn, xn〉 − 〈U |T |xn, |T |xn〉|

= lim
n→∞

|〈Txn, (1− |T |)xn〉|

≤ lim
n→∞

‖Txn‖‖(1− |T |)xn‖ = 0.

Thus, lim
n→∞

〈T̃ |T |1/2xn, |T |1/2xn〉| = r.

Letting zn = |T |1/2xn/‖|T |1/2xn‖ then {zn} is a sequence
of unit vectors and

lim
n→∞

〈T̃ zn, zn〉 = r.

Thus r = (r1, ..., rm) ∈Wm(T̃ ).

Theorem 5. Let T = (T1, ..., Tm) ∈ B(X) and
T̃ = |T | 12 ∪ |T | 12 . If 0 ∈MaxWm(T̃ )
then ‖T̃‖2 + |r|2 ≤ ‖T̃ + r‖2 for any r = (r1, ..., rm) ∈ Cm.

Proof.. Let 0 ∈ MaxWm(T̃ ). Then there exists a sequence
{xn} ∈ X such that 〈T̃kxn, xn〉 → 0, ‖xn‖ = 1 and
‖T̃kxn‖ → ‖T̃k‖ for 0 ≤ k ≤ m. Note that

‖T̃k‖2 + |rk|2 = lim
n→∞

‖(T̃k + rk)xn‖2

≤ ‖T̃k + rk‖2, 0 ≤ k ≤ m.

Now,
n∑

k=1

‖T̃k‖2 +
n∑

k=1

|rk|2 ≤
n∑

k=1

‖T̃k + rk‖2.

Thus ‖T̃k‖2 + |rk|2 ≤ ‖T̃k + rk‖2 for any r = (r1, ..., rm) ∈
Cm.

We now show the relation between the essential norm ‖T̃k‖e
and ‖T̃k‖.

Proposition 1. If ‖T̃k‖ > ‖T̃k‖e, then

MaxWm(T̃ ) = {〈T̃kxn, xn〉 : ‖xn‖ = 1 and
‖T̃kxn‖ = ‖T̃k ‖}.

Proof.. Since ‖T̃ ∗k T̃k‖ > ‖T̃k‖2e = ‖T̃ ∗k T̃k‖e, there exists
a finite rank projection P commuting with T̃ ∗k T̃k such that
‖T̃ ∗k T̃k(I − P )‖ < ‖T̃ ∗k T̃k‖, where I denotes the identity
operator. Then ‖T̃k(I − P )‖ < ‖T̃k‖.

We require the following result to complete this proof.

Lemma 1. Let P be a compact finite rank projection
commuting with T̃ ∗k T̃k such that ‖T̃ ∗k T̃k(I − P )‖ < ‖T̃ ∗k T̃k‖.
Then
MaxWm(T̃ ) = MaxWm(T̃P ).

Proof.. We first show that MaxWm(T̃P ) ⊆ MaxWm(T̃ ).
Let P ∈ B(X) be an infinite dimensional projection such that
PT̃ ∗k T̃kP ∈ K(X). There is thus an orthonormal sequence
{xn} ∈ X such that Pxn = xn ∀ n.
Let K = (K1, ...,Km) ∈ K(X). For any Kj : j ∈ [1,m],
PT̃ ∗k T̃kP = Kj + rkP and thus
〈(PT̃ ∗k T̃kP − rkP )xn, xn 〉 = 〈 Kjxn, xn 〉 implying
〈 T̃ ∗k T̃kxn, xn 〉 = rk + 〈 Kjxn, xn 〉 . From the
orthonormality of sequence {xn}, we get Kjxn converging
weakly to 0 in norm as n → ∞, j ∈ [1,m]. Therefore,
〈T̃ ∗k T̃kxn, xn〉 −→ rk as n→∞ implying rk ∈MaxWm(T̃ ).
To complete the proof, it is sufficient to prove that
MaxWm(T̃ ) ⊆ MaxWm(T̃P ). Let rk ∈ MaxWm(T̃ ). This
implies that there is a sequence {xn} of unit vectors such that
‖T̃kxn‖ → ‖T̃k‖ and 〈T̃kxn, xn〉 → rk ; 1 ≤ k ≤ m}.
Notice that ‖T̃kP‖=‖T̃k‖. Using

‖T̃k‖2≥‖T̃ ∗k T̃kxn‖ ≥〈T̃ ∗k T̃kxn, xn〉
=‖T̃kxn‖2→ ‖T̃k‖2
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we obtain ‖T̃ ∗k T̃kxn → ‖T̃k‖2. Let xn = αnyn + βnzn with
‖yn‖ = 1 = ‖zn‖, |αn|2+|βn|2 =1, Pyn=yn and
Pzn = 0. Since T̃ ∗k T̃k commutes with P we have,

‖T̃k‖2 ≥ |αn|2‖(T̃ ∗k T̃k)1/2yn‖2 + |βn|2‖(T̃ ∗k T̃k)1/2zn‖2

= ‖(T̃ ∗k T̃k)1/2(αnyn) + (T̃ ∗k T̃k)
1/2(βnzn)‖2

= ‖(T̃ ∗k T̃k)1/2xn‖2 = ‖T̃kxn‖2 → ‖T̃k‖2.

And

‖(T̃ ∗k T̃k)1/2zn‖2 = ‖T̃kzn‖2 = ‖T̃k(I − P )zn‖2

≤ ‖T̃k(I − P )‖2

< ‖T̃k‖2 implying that limβn = 0.

Therefore, ‖T̃kyn‖ → ‖T̃k‖ and 〈T̃kyn, yn〉 → rk.
Thus rk ∈ MaxWm(T̃P ).
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